Recently, Majorana's spirit returns to modern condensed matter physics -in the context of topological Majorana zero mode that represents a local half degree of freedom carrying non-Abelian statistics. In this paper, we investigate the topological nature of a Majorana fermion by assuming that it is made up of four Majorana zero modes at cutoff energy scale. First, we show that a pair of Majorana zero modes can realize a T 4 = −1 time reversal symmetry, a P 4 = −1 parity symmetry and even a nontrivial C 4 = −1 charge conjugation symmetry. Next, we propose a CP T super algebra for the Majorana fermion made up of four Majorana zero modes. Furthermore, the origin of three generations of neutrinos(assuming they are Majorana fermions) can be naturally explained as three distinguishable ways to form a pair of (local) complex fermions out of four Majorana zero modes. Finally, we compute the neutrino mass mixing matrix and mass ratios of the three mass eigenstates from a first principle at leading order(in the absence of CP violation and charged lepton corrections). We obtain θ12 = 31.7
Introduction -The neutrino, first discovered in 1956 [1] , has extremely weak interactions with other particles and therefore is named as the "ghost particle". Since neutrinos and antineutrinos are neutral particles, it has been proposed that they are actually the same particle and can be described by a four component real Lorentz spinor-the Majorana fermion [2] . The smoking gun experiment that can confirm the Majorana fermion nature of a neutrino is the so-called neutrinoless double-β decay. Unfortunately, a definite experimental evidence is still missing so far.
A cutting-edge step towards understanding the mysteries of neutrinos has been taken by the neutrino oscillation experiments during the past decade [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . These experiments have confirmed that there are three generations of neutrinos with nonzero masses at the energy scale of 0.1eV . Although the Standard Model(SM) predicts a zero neutrino mass, one way to explain the origin of neutrino mass is the so called seesaw mechanism in the extended SM [13] [14] [15] -by introducing a heavy, massive sterile right-handed neutrino that does not carry any electric-weak charge, a small mass for the left-handed light neutrino can be induced. However, this theory does not explain why there are three generations of neutrinos and where do those mystery mixing angles come from.
Recently, Majorana's spirit returns to modern condensed matter physics [16] -in the context of topological Majorana zero mode that arises in certain classes of topological superconductors(TSCs) [17, 18] . It has been shown that a topological Majorana zero mode carries non-Abelian statistics and has a quantum dimension √ 2 [17, 18] , thus it represents a local half degree of freedom. Searching for Majorana zero mode has become a fascinating subject both theoretically [19] [20] [21] and experimentally [22] [23] [24] .
In this paper, we follow the seesaw mechanism idea which requires neutrino to be a Majorana fermion [25] , and attempt to investigate the topological nature of neutrinos by assuming that a relativistic Majorana fermion is made up of four Majorana zero modes at cutoff energy scale. We begin with an exactly solvable 1D condensed matter model which realizes a T 2 = −1 time reversal symmetry protected TSC and show that the pair of Majorana zero modes on its ends realize a T 4 = −1 fractionalized time reversal symmetry. We then show that a pair of Majorana zero modes can also realize a P 4 = −1 parity symmetry and even a nontrivial C 4 = −1 charge conjugation symmetry. These fractionalized C, P, T symmetries motivate us to define a CP T super algebra for a Majorana fermion made up of four Majorana zero modes. Interestingly, we find that the nontrivial charge conjugation symmetry C changes the sign of the Majorana mass term.(It is well known that the usual charge conjugation symmetry C has a trivial action on a real Majorana fermion.) Therefore, we propose that C is indeed a Z 2 gauge symmetry and its spontaneous breaking(through the Anderson-Higgs mechanism) leads to the origin of right handed sterile neutrino mass. These new concepts can even explain the origin of three generations of neutrinos, as out of four Majorana zero modes, there are three inequivalent ways to form a pair of (local) complex fermions, each characterized by the T 4 = −1, (T P ) 4 = −1 or (T C) 4 = −1 fractionalized symmetries that it carries. Together with the Z 2 gauge (minimal coupling) principle, we can completely determine the neutrino mass mixing matrix at leading order(LO)(without CP violation and charged lepton contributions).
T 4 = −1 time reversal symmetry for a pair of Majorana zero modes -To begin, we consider a 1D topological superconductor protected by T 2 = −1 time reversal symmetry(known as DIII class) [26, 27] , which realizes a special symmetry protected topological(SPT) phase [28] in 1D. The simplest model to realize such a 1D TSC is just two copies of Kitaev's Majorana chains [17] with op- posite spin species, as seen in Fig. 1, described by the
σ iσγ i,σ γ i+1,σ , where Majorana operators γ i,σ and γ i,σ satisfy {γ i,σ , γ i ,σ } = 0, {γ i,σ , γ i ,σ } = 2δ ii δ σσ and {γ i,σ , γ i ,σ } = 2δ ii δ σσ . Under time reversal symmetry, the Majorana operators (γ i,↑ , γ i,↓ ) and (γ i,↑ , γ i,↓ ) transform as:
As seen in Fig. 1 , because the fermion mass terms iγ ↑ γ ↓ and iγ ↑ γ ↓ change sign under the time reversal symmetry, a pair of dangling Majorana modes with opposite spins becomes zero modes( γ ↑ ≡ γ 1,↑ , γ ↓ ≡ γ 1,↓ for the left end and γ ↑ ≡ γ N,↑ , γ ↓ ≡ γ N,↓ for the right end)and is stable against T -preserving perturbations. Recent progress in the classification of 1D SPT phases [29, 30] further pointed out that the edge Majorana zero modes of DIII class TSC indeed carry the T 4 = −1 projective representation of time reversal symmetry.
A simple reason why a pair of Majorana zero modes carries a fractionalized T 4 = −1 time reversal symmetry can be explained as the following: The local Hilbert space on a single site for the above T 2 = −1 TSC is a Fock-space involving both fermion parity odd sector c † i,↑ |0 , c † i,↓ |0 and parity even sector |0 , c † i,↑ c † i,↓ |0 .( c i,σ = γ σ +iγ σ are the corresponding complex fermion operators) The fermion parity odd sector satisfies T 2 = −1 while the fermion parity even sector satisfies T 2 = 1. As a result, the time reversal symmetry group for many body fermion systems has been extended over the Z 2 fermion parity symmetry group {I, P f }, thus the total symmetry group should consist of four group elements {I, T, P f ≡ T 2 , T P f ≡ T 3 }, which is actually a Z 4 group with T 4 = 1. Since 1D SPT phases are classified by the projective representation of the corresponding symmetry group [29, 30] , the pair of Majorana zero modes (γ ↑ , γ ↓ ) and (γ ↑ , γ ↓ ) on both ends must carry the T 4 = −1 projective representation of the bulk Z 4 antiunitary symmetry.
Actually, for the pair of Majorana zero modes γ ↑ and γ ↓ on the left end, we should define its time reversal operator
Such a definition gives rise to the correct transformation law for γ ↑ and γ ↓ in Eq.(1). However, we note that
Similarly, for the pair of Majorana zero modes (γ ↑ , γ ↓ ) on the right end,
By using the Fock basis of (local) complex fermion operators c L and c R on both ends with c L = 1 2 (γ ↑ + iγ ↓ ) and c R = 1 2 (γ ↑ − iγ ↓ ), we can derive the representation theory for T 4 = −1 time reversal symmetry. The higher dimensional generalization for Majorana zero modes realizing T 4 = −1 time reversal symmetry in point like defects(vortex in 2D and hedgehog in 3D) of DIII TSC is straightforward, see supplementary material for details. P 4 = −1 parity symmetry, C 4 = −1 charge conjugation symmetry for a pair of Majorana zero modes -Interestingly, we find that a pair of Majorana zero modes can also realize a P 4 = −1 parity symmetry. For example, in the above 1D TSC, the parity operator for the pair of Majorana zero modes (γ ↑ , γ ↑ ) can be de-
(↑↑ ) = −1 and maps the Majorana mode γ ↑ on the left end to γ ↑ on the right end without spin flipping, with
Similarly, for the pair of Majorana zero modes (γ ↓ , γ ↓ ), its parity operator can be defined by
(↓↓ ) = −γ ↓ . In additional to the T 4 = −1/P 4 = −1 time reversal/parity symmetry, we can even define a C 4 = −1 nontrivial "charge conjugation" symmetry for a pair Majorana modes (γ ↑ , γ ↓ ) or (γ ↓ , γ ↑ ). For example, we can define
for the pair of Majorana zero modes (γ ↑ , γ ↓ ), and we can
Super CP T algebra for a Majorana fermion -The above results from a condensed matter model motivate us to revisit the CP T symmetries [45] for a Majorana fermion-a four component real Lorentz spinor, by assuming it is made up of four Majorana zero modes at cutoff energy scale, e.g., a tiny open string described by the 1D TSC in Fig. 1 . It is easy to check that the closed algebra of C, P, T symmetries for a Majorana fermion made up of four Majorana zero modes (γ ↑ , γ ↓ , γ ↑ , γ ↓ ) satisfies:
where
are the total C, P, T and fermion parity operators for four Majorana zero modes. Such a CP T algebra is indeed a super algebra, and it is one of the central results of this paper. It arises from the topological nature of a Majorana fermion.
The implementation of the CP T super algebra into quantum field theory is straightforward. We choose four real gamma matrices: γ 0 = −iρ z ⊗ σ y , γ 1 = I ⊗ σ z , γ 2 = −ρ y ⊗ σ y and γ 3 = −I ⊗ σ x , where ρ and σ are Pauli matrices and I is the identity matrix. We can define a real γ 5 by
, which are equivalent to the complex fermion fields c L (x) and c R (x). Here x = (t, x) is the four coordinates. The (equal time) canonical commutation relation reads {ψ
. In terms of γ σ (x) and γ σ (x), we have {γ σ (x), γ σ (y)} = 0 and {γ σ (x), γ σ (y)} = 2δ
(3) (x−y)δ σσ . The C, P, T symmetry operators and total fermion parity operator can be defined by:
Here P 0 is the action on the spacial coordinates with P 0 xP
It is easy to check that the above C, P, T symmetry operators satisfy the super algebra Eq.(3).
Under the above C, P, T symmetries, the four component Majorana field ψ(x) transforms as:
where x = (t, −x). Apparently, in the massless limit, the Lagrangian
observation motivates us to elevate the charge conjugation symmetry to a Z 2 gauge symmetry, thus the origin of the Majorana mass term can be explained as the spontaneous gauge symmetry breaking through the AndersonHiggs mechanism. We introduce a real scalar field φ(x) which carries Z 2 gauge charge one(thus it transforms as Cφ(x)C −1 = −φ(x)) and couple it to the Majorana field.
We further assume that such a fundamental scalar field does not carry any other gauge charges and it is invariant under the P and T symmetries. Finally, we obtain the following Lorentz invariant Lagrangian preserving all the C, P, T symmetries:
If the real scalar field condenses at φ(x) = φ 0 , a mass term imψ(x)γ 5 ψ ( x) arises with m = gφ 0 /4. Here D µ represents the covariant derivative, L φ is the action of the scale field φ(x) and L Z2 is the action of the Z 2 gauge field. [46] To this end, we explain the origin of Majorana mass for right-handed sterile neutrinos.
The origin of three generations of neutrinos and their mass mixing -Surprisingly, the concept that a Majorana fermion is made up of four Majorana zero modes even leads to a natural explanation for the origin of three generations of neutrinos. As we know, due to the Witten anomaly [31, 32] , a single (local) Majorana zero mode is prohibited in 3D. Therefore, the four Majorana zero modes must be paired up, and there are three different ways to pair them up. As a pair of Majorana modes is equivalent to a complex fermion mode, we can use the Fock space of three different complex
to define the local Hilbert space at cutoff scale, as seen in Fig. 2 
and f L(R) fermions can be characterized by the T 4 = −1, (T P ) 4 = −1 and (T C) 4 = −1 projective representation of T , (T P ) and (T C) symmetries that they carry. In supplementary material, we construct an explicit lattice model whose local Hilbert space consists of Fock spaces of c L or c R fermions, however, its low energy effective theory is a relativistic theory described by Weyl fermions(equivalent to Majorana fermions).
In quantum field theory, the above argument can be implemented by choosing different SO(2) real spinor basis. Apparently, the Majorana field
, while for f L and f R fermions,
. We note that the Majorana fields ψ c (x), ψ d (x) and ψ f (x) transform differently under C, P, T symmetries(see supplementary material for details), which allow us to compute the neutrino mass mixing matrix from a first principle. In the extended SM, the total mass matrix has the . The reason why we choose such a form is that the three generations of left-handed/right-handed neutrinos are made up of the same four Majorana zero modes at cutoff scale. According to the Z 2 gauge (minimal coupling) principle, we can write down the most general C, P, T invariant mass term for three generations of right-handed neutrinos.
Here we use the same coupling g for all the diagonal mass terms and g for all the off-diagonal mass terms. Again, this is because the three generations of right-handed neutrinos are made up of the same four Majorana zero modes at cutoff scale. [47] We note that for ψ c (x) and ψ f (x), the boost generators are defined by
Such a twisted definition makes the above mass term invariant under the Lorentz transformation.
Since in the extended SM, three generations of righthanded neutrinos are described by three copies of the same Majorana field. Let us redefine ψ c (x) and
, ψ c (x) and ψ d (x) transform in the same way under the C, P, T symmetries. The C, P, T invariant mass term Eq. (7) can be rewritten as:
with
The mass matrix can be diagonalized by(the basis is ordered as ψ f , ψ c , ψ d and
is set to be 1):
In terms of mixing angles, we have θ 12 = 31.7
• and θ 13 = 0. According to the seesaw mechanism, the mixing angles for left-handed light neutrinos take the same form as Eq. (10), and the minus sign in front of θ 23 can be eliminated by a proper gauge choice of the charged lepton basis. The obtained mixing angles, consistent with the golden ratio(GR) pattern that has been proposed phemomelogically [33] [34] [35] [36] , are intrinsically close to the current experimental observations. Finally, we further argue that the diagonal Yukawa coupling has the same strength as the off-diagonal coupling with |g| = |g |(see supplementary material for details). The solution g = −g (g > 0) implies M 1 = −M 2 = √ 5g and M 3 = 3g, which leads to m 1 /m 3 = m 2 /m 3 = 3/ √ 5 in the limit m D M (here m 1 , m 2 and m 3 are eigen masses of the left-handed light neutrinos) and is allowed by the current experimental observations. [48] However, the solution g = g leads to m 2 < m 3 < m 1 which contradicts to the current experimental results of either m 1 m 2 < m 3 (normal hierarchy) or m 1 m 2 > m 3 (inverted hierarchy). Therefore, we choose g = −g here. Based on the current experimental data ∆m 2 23 2.5 × 10 −3 eV 2 , we obtain m 1 = m 2 0.075eV and m 3 0.056eV . Within LO approximation, the neutrino mass mixing matrix takes the form U P M N S = U · diag(1, e ±iπ/2 , 1)(We note that the Majorana phase e ±iπ/2 arises from the negative eigenvalue M 2 ). We futher predict the effective mass in neutrinoless double beta decay with m ββ ≡ | i m i (U P M N S ei
Conclusions and discussions -In conclusion, based on the assumption that a Majorana fermion is made up of four Majorana zero modes at cutoff, we find a super C, P, T algebra for the Majorana fermion field. Such a concept even successfully explains the origin of three generations of neutrinos and their mass mixing matrix. Although the obtained mixing angles are as same as the RG pattern, we emphasize that our neutrino mass matrix Eq.(9) actually has an enhanced D 4 symmetry(see supplementary materials for details) instead of the standard Z 2 ⊗ Z 2 Klein symmetry [34] . Importantly, our theory not only explains the origin of the discrete flavor symmetry for the neutrino mass matrix, but also completely determines the mass ratios of three generations of neutrinos within LO approximation. ( 13 , and if we ignore the charged lepton contribution for θ 13 due to its huge mass hierarchy, the experimentally observed nonzero θ 13 must come from CP violation correction. On the other hand, as our theory predicts m 1 = m 2 within LO approximation, the experimentally observed small mass splitting ∆m 12 is also contributed by CP violation correction. Interestingly, the current experimental results point to the relation |∆m 12 /∆m 23 | ∼ θ 13 /θ 23 . In this section, we work out the explicit representation theory for the T 4 = −1 time reversal symmetry. We note that the two pairs of Majorana zero modes on both ends allow us to define two complex fermions c L and c R :
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where c L and c R transform nontrivially under the T 4 = −1 symmetry. We have:
Since the T operator only involves two Majorana operators, we are able to construct a representation theory for the T 4 = −1 symmetry in a two dimensional Hilbert space expanded by two Majorana operators. On the other hand, a projective representation can not be one dimensional, hence we must have:
We also assume that the global phase of | 0 is fixed in such a way that the complex conjugate K has a trivial action on it. From the relation Eq.(12), it is straightforward to derive:
Here the + sign corresponds to c L and the − sign corresponds to c R . Thus, in the basis | 0 and | 1 , we can derive the representation theory T = U K with:
Clearly, the above representation satisfies T 4 = −1.
Majorana zero modes in higher dimensions and emergent relativistic dispersion, SU (2) spin
Majorana zero modes exist in point like defects of DIII class TSC in higher dimensions as well. In 2D, it is well known that a single Majorana zero mode can emerge in the vortex core of a p + ip or p − ip TSC [18] , however, the time reversal symmetry is broken in this class of chiral TSC. Nevertheless, the DIII class TSC in 2D that is realized as a composition of a p + ip and a p − ip TSC with opposite spins [37] can preserve the T 2 = −1 time reversal symmetry. Apparently, the vortex core of such a TSC has a pair of Majorana zero modes γ ↑ and γ ↓ with opposite spins. In the following, we argue that they also carry a T 4 = −1 representation of time reversal symmetry. As having been discussed in Ref. [37] , a time reversal action on a single vortex core will change the local fermion parity of the complex fermion zero mode c L = γ ↑ +iγ ↓ for the ground state wavefunction, therefore we expect the same representation theory Eq.(13),Eq. (14) and Eq.(15) for the zero modes inside the vortex core, which satisfies T 4 = −1. For the anti-vortex core with Majorana modes γ ↑ and γ ↓ , we can define a complex fermion mode c R = γ ↑ − iγ ↓ and derive the T 4 = −1 representation theory as well. Now we see that the c L /c R complex fermion is similar to the two complex fermion modes defined on the left/right end of the 1D T 2 = −1 TSC. The T 4 = −1 time reversal operators for the Majorana spinons (γ ↑ , γ ↓ ) and (γ ↑ , γ ↓ ) can be defined in the same way as in 1D.
The 3D analogy of the vortex would be a hedgehog and the possibility of the emergence of a Majorana zero mode on the hedgehog has been proposed recently [38] . However, there is an important difference in 3D. Since the classical configuration of a hedgehog will have a divergent energy, the only way to introduce a UV cutoff is to couple the system to a gauge field, e.g., an SU (2) gauge field [32] . By turning on the SU (2) gauge field, a single Majorana mode will suffer from the Witten anormally [31] and the only way to cancel this anormally is to introduce a pair of Majorana zero modes. Therefore, the Majorana zero modes are unstable in the absence of time reversal symmetry(a mass term can be dynamically generated) and the analogy of p + ip TSC does not exist in 3D. However, in the presence of T 2 = −1 time reversal symmetry, the pair of Majorana zero modes γ ↑ and γ ↓ on the hedgehog can be stabilized(similar to the 1D and 2D case, the mass term is forbidden by the time reversal symmetry) and we argue that they also carry a T 4 = −1 time reversal symmetry according to the same reason as in 2D -the time reversal action changes the local fermion parity of the (local) complex fermion mode c L = γ ↑ + iγ ↓ for the ground state wavefunction. The DIII class TSC in 3D labeled by odd integers(there is a Z classification [26, 27] for free fermion system in this case) could be good candidates to realize a pair of Majorana zero modes on its hedgehog/anti-hedgehog. Detailed discussions of these interesting 3D models are beyond the scope of this paper and will be presented elsewhere. Finally, we point out an important difference for the Majorana zero modes between 1D and higher dimensions. In 1D, for a generic Hamiltonian, the zero modes are only well defined in the infinite long chain limit. However, in 2(3)D, the distance between vortex(hedgehog) and anti-vortex(anti-hedgehog) can be finite(but much larger than penetration depth) since the zero modes are well defined bound states and they can be regarded as local particles. Now, let us construct a quantum critical model with emergent Majorana fermions in 3D. First, we construct a 3D cubic lattice model consisting of hedgehog/anti-hedgehog, with hedgehog occupied sublattice A and anti-hedgehog occupied sublattice B, as seen in Fig 4. We use red dots to represent the pair of Majorana modes (γ ↑ , γ ↓ ) on the hedgehog and blue dots to represent the pair of Majorana modes (γ ↑ , γ ↓ ) on the anti-hedgehog. Then we turn on the hoping terms among those Majorana modes and consider the following Hamiltonian:
In terms of complex fermions c i,L = γ i,↑ + iγ i,↓ and c i,R = γ i,↑ − iγ i↓ , we have: In momentum space, we have:
The above Hamiltonian has one positive energy mode and one negative energy mode with:
Around the momentum point k 0 = (π/2, π/2, π/2), the above Hamiltonian describes a chiral Weyl fermion(equivalent to a Majorana fermion):
where k = k 0 +k. It is clear that the above Hamiltonian has a relativistic dispersion E k = ±2|k| and an emergent SU (2) spin carrying angular momentum.
In the above, we construct a particular 3D hedgehog/anti-hedgehog lattice model with proliferated Majorana zero modes. Other models with deconfined Majorana modes have also been considered recently, e.g., the fermion dimer model [39] and the Majorana flat bands model in certain gapless TSC [40] . However, one of the most important features in our model is that it has a sublattice structure, and the sublattice degeneracy naturally leads to an SU (2) spin degree of freedom at low energy. Actually, our model can be viewed as the 3D analogy of the 2D graphene system, where the valley degeneracy becomes the emergent SU (2) spin at low energy. But why hedgehog/anti-hedgehog lattice models with a sublattice structure is more natural than those models without sublattice structure? One possible reason is that the hedgehog and anti-hedgehog pair are always confined in a superconductor [41] , therefore any stable 3D hedgehog/anti-hedgehog lattice model must contain a hedgehog and anti-hedgehog pair per unit cell.
Our analysis for condensed matter systems implies that the presence of SU (2) spin at low energy has a deep relationship with the sublattice structure at cutoff scale. A very interesting question is that whether the SU (2) spin for all the fundamental particles arises from a similar discrete structure at cutoff scale. Unfortunately, it is very difficult to examine the above idea theoretically since a quantum field theory with an explicit cutoff is absent so far. Although lattice models could be thought as a natural venue to regulate the theory, any pre-assuming lattice structure for space-time will break the Lorentz invariance seriously. To overcome this difficulty, a discrete topological non-linear sigma model with a dynamic background is a promising candidate, where the sublattice structures correspond to to the opposite orientations of branched tetrahedron. Important progress along this direction has been made recently [42, 43] , even with super-coordinates [44] . It would be very interesting to examine these ideas in future.
Quantum field theory description for three generations of neutrinos
The quantum field theory description for the Majorana field made up of c L and c R local complex fermions has already been presented in the main text. To describe the Majorana field made up of f L and f R local complex fermions in quantum field theory, we just need to define the Majorana fermion field ψ f (x) = ξ(x) η(x) with a different SO(2) spinor basis:
The above Majorana fermion field satisfies the CP T symmetries:
It is clear that the f L(R) fermion transforms differently under CP T symmetries, and for the f L(R) fermion, its mass term takes the usual form:
For the Majorana fermion made up of d L and d R local complex fermions, we need to chooseγ 0 = Rγ 0 R −1 = iρ x ⊗ σ y ≡ γ 5 with:
The corresponding γ 1,2,3 and γ 5 transform as:
Under the CP T symmetries with above definition, ψ d (x) transforms as:
Again, the mass term also takes the usual form:
Since ψ c , ψ f and ψ d transform differently under the CP T symmetries and one can not transform them from one to the other with continuous proper orthochronous Lorentz transformation, they can be regarded as three independent fields in quantum field theory.(We note that any continuous proper orthochronous Lorentz transformation will not change the definition of SO (2) spinor basis.)
CP T symmetries in momentum space
In this section, we will use a momentum space picture to describe the three generations of neutrinos. First, let us examine the CP T symmetry transformation of the Fourier modes γ σ (k) =
It is straightforward to derive:
We can apply the similar argument to the emergence of three generations of Majorana fermions for their Fourier modes in momentum space as well.
Under T P, T and T C symmetries, they transform as:
The Hamiltonian of massless Majorana fermion has the following form in momentum space, e.g., for ψ d (x):
where ψ(k) is the Fourier mode of ψ(x), defined as
It is straightforward to verify that
If we assume the chiral basis has a spin polarization in the y-direction, we can fix the momentum to be k = (0, k, 0). Thus, we obtain:
In terms of the chiral fermion fields d L (k) and d R (k), we have:
For any given momentum k, we can define its positive energy mode as a left-handed neutrino and the negative energy mode as a right-handed antineutrino. However, we note that the zero energy mode d L (0) and d R (0) still transform as:
Thus, both of them carry the (T P ) 4 = −1 fractionalized symmetry. Furthermore, since the zero energy mode d L(R) transforms trivially under Lorentz symmetry, we can say that the vacuum effectively carries a (T P ) 4 = −1 fractionalized symmetry. Such an observation is pretty interesting, as traditional quantum field theory assume a unique vacuum that carries a trivial representation of T P symmetry. The experimental consequence of such a fractionalized symmetry will be investigated in our future work.
For c L(R) and f L(R) , their Hamiltonian in momentum space read:
If we assume the chiral basis has a spin polarization in the z-direction, we can fix the momentum to be k = (0, 0, k) In terms of the c L(R) and f L(R) fermion operators, we have:
In the Nambu basis, we obtain:
After diagonalizing the above two Hamiltonians, we can again define a positive mode corresponding to the left-handed neutrino and a negative energy mode corresponding to the right-handed antineutrino. Similarly, the zero energy mode c L(R) (0) and f L(R) (0) transform as:
and
Therefore, we can say that the vacuum for for c L(R) and f L(R) fermions can effectively carry T 4 = −1 and (T C) 4 = −1 fractionalized symmetries.
The Z2 ⊗ Z2 flavor symmetry and beyond
In this section, we provide a symmetry argument for the choice of Yukawa couplings. Let us start with the diagonal term and assume there are three independent couplings g f , g d and g c .
According to the definitions of ψ f (x) and ψ c (x), they are related to each other by a Z 2 symmetry transformation ψ c (x) = S 1 ψ f (x), where:
Let us rewrite the diagonal mass term as:
Comparing Eq. (42) and Eq. (44), we obtain g c = g f . Similarly, ψ f (x) and ψ d (x) are also related by another Z 2 symmetry transformation ψ d (x) = S 2 ψ f (x) with:
Again, we can rewrite the diagonal mass term as:
Comparing Eq. (42) and Eq. (46), we obtain g d = g f . Finally, we have g c = g d = g f = g. Now we see that in traditional quantum field theory language, the choice of diagonal Yukawa couplings can be achieved by imposing the above two Z 2 symmetries, which leads to a Z 2 ⊗ Z 2 flavor symmetry. Nevertheless, traditional quantum field theory can not tell us why there are three generations of neutrinos and where the Z 2 ⊗ Z 2 flavor symmetry comes from. To understand these mysteries, the internal structure proposed in this paper -a Majorana fermion is made up of four Majorana zero modes plays a crucial role. At cutoff scale, all the mass terms should be regarded as interactions between the scalar particle φ and the four Majorana modes γ ↑ , γ ↓ , γ ↑ and γ ↓ . For example, all the three terms in Eq.(42) can be expressed as:
The above expression implies that the three mass terms are indeed the same term at cutoff scale. In terms of traditional quantum field theory language, we can attribute the existence of three generations of neutrinos to the three different (local) ways of making a pair of complex fermions out of four Majorana zero modes. Therefore, the Z 2 ⊗ Z 2 flavor symmetry is indeed a gauge symmetry from our perspective and we obtain g c = g d = g f = g. However, at this point, one may confuse that if the three mass terms are the same, why we observe three generations of neutrinos rather than one. This is because discrete gauge theory can have a deconfinement phase in 3D where the three generations of neutrinos becomes well defined at low energy. The same argument also apply to the off-diagonal mass term:
which can be expressed as: 
Thus we can derive g cd = g cf = g df = g . Finally, by comparing the diagonal and off-diagonal mass terms, we can further derive |g| = |g |. Here the relative sign of g and g can not be fixed because this relation is not a consequence of Z 2 ⊗ Z 2 flavor symmetry(We note that flavor symmetry can not relate diagonal and off-diagonal mass terms).
In conclusion, all the above results come from a single principle -the three generations of neutrinos/anti-neutrinos are the three resonating states out of the same four Majorana zero modes at cutoff scale. We conjecture that the Z 2 ⊗ Z 2 flavor gauge symmetry proposed here is also crucial for understanding the charged lepton and quark mass hierarchy problem, which might originate from the spontaneously breaking of such a flavor gauge symmetry.
Symmetry properties of neutrino mass mixing matrix
Now let us examine the symmetry of the derived mass mixing matrix. Although the mixing angle derived above is consistent with the GR pattern, the symmetry group is different from that in Ref. [33, 34] , and it contains three Z 2
